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Abstract. One dimensional model for the investigation of longitudinal vibrations of polymeric 
film is investigated. Comparison of stroboscopic and time averaged intensities in the photo-elastic 
images is performed. Results about the required number of images for performing time averaging 
are provided. Recommendations for simultaneous application of both stroboscopic and time 
averaged photo-elasticity for measurement of stresses are given. One dimensional model for the 
investigation of vibrations of polymeric film having two nodal degrees of freedom (longitudinal 
displacement and displacement of the upper surface, assuming that displacement of the lower 
surface is of the same value but in the opposite direction) is investigated. This model is applied 
for the interpretation of results of thermo-elastic analysis. Recommendations for the interpretation 
of the stress field by using photo-elastic and thermo-elastic methods are provided. 
Keywords: measurement of stresses, time averaged photo-elasticity, stroboscopic photo-elasticity, 
polymeric film, one dimensional model, vibrations, eigenmodes, plane stress, thermo-elasticity. 
1. Introduction 
In the process of motion of polymeric materials through the printing machine or during other 
technological operations various dynamic and static loadings take place: tension, vibrations, 
varying temperatures and etc. Such loadings may cause the increase of stresses in polymeric films. 
Also after manufacturing polymeric films themselves may have residual stresses. Those factors 
directly affect the final quality of the printing product. Thus measurement of stresses is especially 
important for improvement of quality of printed materials [1, 2]. 
Many methods for measurement of the residual stresses were developed during last decades. 
They all may be classified into three main groups: destructive (contour method, sectioning 
technique), semi destructive (hole drilling method, deep hole method) and non-destructive (X-ray 
diffraction, ultrasonic, photo-elastic methods) [3, 4]. Some aspects of distribution of residual 
stresses in the process of testing of polymeric parts using destructive methods are discussed in 
[5-9]. But most of polymeric films are thin monolayer or multilayered materials, thus 
non-destructive methods are of greatest interest. The method of photo-elasticity is one of the 
classical techniques for stress measurement. It can be applied for measurement of the stress 
distribution of various materials [10, 11], including transparent polymeric films that are often used 
for printing and packaging purposes. 
But there is still lack of studies concerning measurement of stresses of vibrating polymeric 
films in printing devices using the method of photo-elasticity. Thus this paper is a continuation of 
investigations about time averaged photo-elasticity presented in the paper entitled “On 
interpretation of fringe patterns produced by time average photoelasticity” (Experimental 
Techniques, Vol. 29, No. 3, 2005, p. 48-51). 
For better interpretation of the stress field of a vibrating polymeric film used in printing devices 
thermo-elastic analysis should be performed [12]. In this case one dimensional model of vibrations 
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of polymeric film having two nodal degrees of freedom (longitudinal displacement and 
displacement of the upper surface, assuming that displacement of the lower surface is of the same 
value but in the opposite direction) is investigated in detail. The investigation is applied for the 
interpretation of results of thermo-elastic analysis. It is shown that the displacement of the upper 
surface is proportional to the sum of principal stresses in the problem of plane stress, which is 
being obtained from thermo-elastic experimental image of a vibrating structure. 
Models used in this paper are based on the material presented in [13, 14]. The aim of the 
presented models is application of the obtained results in the process of interpretation of stress 
measurements in the investigations of polymeric films used in the process of printing. 
2. Investigation of time averaged photo-elastic measurements 
The numbering of photo-elastic fringes on the basis of time averaged image is investigated. 
Also the number of images which is to be used for time averaging is discussed. 
2.1. Model for the analysis of vibrations of a polymeric film 
Further ݔ denotes the axis of the system of coordinates. The finite element has one nodal 
degree of freedom, the displacement ݑ in the direction of the ݔ axis. 
The mass matrix has the form: 
[ܯ] = ∫ [ܰ]்ߩℎ[ܰ]݀ݔ, (1)
where ߩ is the density of the material of the polymeric film, ℎ is the thickness of the polymeric 
film and: 
[ܰ] = [ ଵܰ …], (2)
where ଵܰ, … are the shape functions of the one dimensional finite element. 
The stiffness matrix has the form: 
[ܭ] = ∫ [ܤ]் ܧ1 − ߥଶ ℎ[ܤ]݀ݔ, (3)
where ܧ is the modulus of elasticity of the polymeric film, ߥ is the Poisson’s ratio of the polymeric 
film and: 
[ܤ] = ൤݀ ଵܰ݀ݔ …൨. (4)
Intensity of the stroboscopic photo-elastic image is expressed as: 
ܫ = sinଶܥߪ௫, (5)
where ܥ is a constant which depends on the thickness of the polymeric film and material from 
which it is produced and ߪ௫ is longitudinal stress in the polymeric film in the status of maximum 
displacement according to the eigenmode. 
Intensity of the time averaged photo-elastic image is expressed as: 
ܫ ̅ = 1݊ ෍ sin
ଶ ൬ܥߪ௫sin2ߨ
݅ − 1
݊ ൰
௡
௜ୀଵ
, (6)
where ݊ is a large integer number. 
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2.2. Results of analysis of vibrations of a polymeric film 
Length of the analyzed structure is 0.2 m. On the left and the right ends of the structure the 
displacements are assumed equal to zero. The following parameters of the polymeric film are 
assumed: modulus of elasticity ܧ = 6·108 Pa, Poisson’s ratio ߥ = 0.3, thickness ℎ = 0.0001 m, 
density of the material ߩ = 785 kg/m3. 
The first eigenmode is investigated. Stresses are presented in Fig. 1a, intensities of the 
stroboscopic and time averaged photo-elastic images when ݊ = 64 in Fig. 1b, when ݊ = 32 in 
Fig. 1c, when ݊ = 16 in Fig. 1d, when ݊ = 8 in Fig. 1e. 
 
a) 
 
b) 
 
c) 
 
d) 
 
e) 
Fig. 1. The first eigenmode: a) stresses, b) intensities of the stroboscopic and  
time averaged photo-elastic images when ݊ = 64, c) when ݊ = 32, d) when ݊ = 16, e) when ݊ = 8 
From Fig. 1b and Fig. 1c it is observed that the images look identical and thus the used values 
of ݊ may be considered acceptable. In Fig. 1d higher fringes are distorted and thus for them the 
result of averaging is unacceptable. In Fig. 1e substantial distortions of fringes are evident and the 
result of averaging is unacceptable. 
From the presented results it is seen that the number of images used for time averaging is to 
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be sufficiently large. Otherwise incorrect results for higher photo-elastic fringes are obtained. 
The second eigenmode is investigated. Stresses are presented in Fig. 2a, intensities of the 
stroboscopic and time averaged photo-elastic images when ݊ = 64 in Fig. 2b. 
 
a) 
 
b) 
Fig. 2. The second eigenmode: a) stresses,  
b) intensities of the stroboscopic and time averaged photo-elastic images when ݊ = 64 
The presented results also indicate that for precise measurement of stresses it is advantageous 
to have both stroboscopic and time averaged images. The time averaged image is useful for 
numbering of fringes in the stroboscopic image. As seen from Fig. 1b and Fig. 2b the intensities 
of stroboscopic and time averaged fringes coincide where the stress is equal to zero. Going further 
from those places contrast of the time averaged images decays and on the basis of this direction 
of decay the photo-elastic fringes are numbered. It is impossible to perform this numbering on the 
basis of the stroboscopic images only. 
3. Simultaneous use of thermo-elastic and photo-elastic measurements 
The advantages of using both thermo-elastic and photo-elastic images for interpretation of the 
stresses in a vibrating polymeric film are investigated. 
3.1. Model for thermo-elastic analysis of vibrations of a polymeric film 
Further ݔ, ݕ, ݖ denote the axes of the system of coordinates. The finite element has two nodal 
degrees of freedom, the displacement ݑ in the direction of the ݔ axis and the displacement of the 
upper surface ݓ in the direction of the ݖ axis. The displacements are represented as: 
ቄݑݓቅ = ቄ
ݑ(ݔ)
0 ቅ +
ݖ
ܪ ൜
0
ݓ(ݔ)ൠ = [ ഥܰ]{ߜ} +
ݖ
ܪ ൣ ഥܰ൧{ߜ}, (7)
where ܪ is the semi thickness of the polymeric film, {ߜ} is the vector of nodal displacements and: 
[ ഥܰ] = ቂ ଵܰ 0 …0 0 …ቃ , ൣ ഥܰ൧ = ൤
0 0 …
0 ଵܰ …൨, (8)
where ଵܰ, … are the shape functions of the one dimensional finite element. 
The mass matrix has the form: 
[ܯ] = ∫ ൬[ ഥܰ]்ߩ ܪ2 ൣ ഥܰ൧ + ൣ ഥܰ൧
்ߩ ܪ2 [ ഥܰ] + [ ഥܰ]
்ߩܪ[ ഥܰ] + ൣ ഥܰ൧்ߩ ܪ3 ൣ ഥܰ൧൰ ݀ݔ, (9)
where ߩ is the density of the material of the polymeric film and it was taken into account that: 
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න ݖܪ ݀ݖ =
ܪ
2 ,
ு
଴
න ݀ݖ = ܪ,
ு
଴
඲ ݖ
ଶ
ܪଶ ݀ݖ =
ܪ
3 .
ு
଴
(10)
The strains are represented as: 
{ߝ} = ൞
݀ݑ
݀ݔ
0
0
ൢ + ݖܪ ൞
0
0
݀ݓ
݀ݔ
ൢ + 1ܪ ൝
0
ݓ
0
ൡ = [ܤത]{ߜ} + ݖܪ ൣܤത
ത൧{ߜ} + 1ܪ [ܤ]{ߜ}, (11)
where: 
[ܤത] = ൦
݀ ଵܰ
݀ݔ 0 …
0 0 …
0 0 …
൪ , ൣܤതത൧ = ൦
0 0 …
0 0 …
0 ݀ ଵܰ݀ݔ …
൪ , [ܤ] = ൥
0 0 …
0 ଵܰ …
0 0 …
൩. (12)
The stiffness matrix has the form: 
[ܭ] = ∫
ۉ
ۈۈ
ۇ
[ܤ]்[ܦ][ܤത] + [ܤത]்[ܦ][ܤ] + [ܤ]்[ܦ] 12 ൣܤത
ത൧ + ൣܤതത൧்[ܦ] 12 [ܤ] +
+[ܤത]்[ܦ] ܪ2 ൣܤത
ത൧ + ൣܤതത൧்[ܦ] ܪ2 [ܤത] + [ܤത]
்[ܦ]ܪ[ܤത] + ൣܤതത൧்[ܦ] ܪ3 ൣܤത
ത൧ +
+[ܤ]்[ܦ] 1ܪ [ܤ] ی
ۋۋ
ۊ
݀ݔ, (13)
where: 
[ܦ] =
ۏ
ێێ
ێ
ۍܭ + 43 ܩ ܭ −
2
3 ܩ 0
ܭ − 23 ܩ ܭ +
4
3 ܩ 0
0 0 ܩے
ۑۑ
ۑ
ې
, (14)
where ܭ = ாଷ(ଵିଶఔ), ܩ =
ா
ଶ(ଵାఔ), and ܧ is the modulus of elasticity of the polymeric film, ߥ is the 
Poisson’s ratio of the polymeric film and it was taken into account that: 
න 1ܪ ݀ݖ = 1,
ு
଴
න ݖܪଶ ݀ݖ =
1
2 ,
ு
଴
න 1ܪଶ ݀ݖ =
1
ܪ .
ு
଴
(15)
3.2. Results of thermo-elastic analysis of vibrations of a polymeric film 
Length of the analyzed structure is 0.2 m. On the left and the right ends of the structure the 
longitudinal displacements are assumed equal to zero. The following parameters of the polymeric 
film are assumed: modulus of elasticity ܧ = 6·108 Pa, Poisson’s ratio ߥ = 0.3, semi thickness  
ܪ = 0.00005 m, density of the material ߩ = 785 kg/m3. 
For the first eigenmode the variation of ݑ is presented in Fig. 3a and of ݓ in Fig. 3b. For the 
second eigenmode the variation of ݑ is presented in Fig. 4a and of ݓ in Fig. 4b. For the third 
eigenmode the variation of ݑ is presented in Fig.  5a and of ݓ in Fig. 5b. For the fourth eigenmode 
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the variation of ݑ is presented in Fig. 6a and of ݓ in Fig. 6b. In all of the figures the values of ݓ 
multiplied by 1000 are indicated. 
 
a) 
 
b) 
Fig. 3. The first eigenmode: a) ݑ, b) ݓ multiplied by 1000 
 
a) 
 
b) 
Fig. 4. The second eigenmode: a) ݑ, b) ݓ multiplied by 1000 
 
a) 
 
b) 
Fig. 5. The third eigenmode: a) ݑ, b) ݓ multiplied by 1000 
 
a) 
 
b) 
Fig. 6. The fourth eigenmode: a) ݑ, b) ݓ multiplied by 1000 
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For the problem of plane stress: 
ܧߝ௭ = −ߥ(ߪ௫ + ߪ௬), (16)
where ߝ௭ is the longitudinal strain in the direction of the ݖ axis and ߪ௫, ߪ௬ are the longitudinal 
stresses in the directions of the ݔ and ݕ axes. Thus the sum of the principal stresses ߪଵ, ߪଶ is 
expressed as: 
ߪା = ߪଵ + ߪଶ = ߪ௫ + ߪ௬ = −
ܧ
ߥ ߝ௭. (17)
By taking into account that: 
ߝ௭ =
ݓ
ܪ, (18)
it is obtained: 
ߪା = −
ܧ
ߥܪ ݓ. (19)
A vibrating structure experiences temperature variations proportional to the change of the sum 
of the normal stresses. The change of temperature ߂ܶ  for the problem of plane stress  
߂ܶ = −ܥܶ߂ߪା, where ܥ is the thermo-elastic constant of the material, ܶ is the absolute ambient 
temperature, ߂ߪା is the change of the sum of the normal stresses. 
For precise measurement of stresses it is advantageous to have both thermo-elastic and 
photo-elastic images. From the thermo-elastic image the sum of principal stresses which is 
proportional to ݓ is obtained. From the photo-elastic image in a circular polariscope the difference 
of principle stresses is obtained. Thus having both images it is much easier to determine both 
principle stresses. From the photo-elastic image of the plane polariscope isoclinics which 
determine the directions of principle stresses are available. Thus the interpretation of the stress 
field in the vibrating plane stress problem can be performed more precisely when all the mentioned 
experimental images can be used. 
4. Conclusions 
One dimensional model for the investigation of longitudinal vibrations of polymeric film is 
used. Comparison of stroboscopic and time averaged intensities in the photo-elastic images when 
the structure performs vibrations according to the eigenmode is performed. 
Results about the required number of images for performing time averaging are provided. 
From the presented results it is seen that the number of images used for time averaging is to be 
sufficiently large. Otherwise incorrect results for higher photo-elastic fringes are obtained. This 
fact is illustrated by the graphical relationships obtained for the first eigenmode. 
Recommendations for simultaneous application of both stroboscopic and time averaged 
photo-elasticity for measurement of stresses are given. The presented results also indicate that for 
precise measurement of stresses it is advantageous to have both stroboscopic and time averaged 
images. The time averaged image is useful for numbering of fringes in the stroboscopic image. 
Then the values of stresses can be obtained by counting fringes in the stroboscopic image, because 
this image is of higher contrast and thus provides more precise results. 
One dimensional model for the investigation of vibrations of polymeric film having two nodal 
degrees of freedom is investigated and applied for the interpretation of results of thermo-elastic 
analysis. The displacement of the upper surface is proportional to the sum of principal stresses in 
the problem of plane stress, which is being obtained from thermo-elastic experimental image of a 
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vibrating structure. 
For precise measurement of stresses it is advantageous to have both thermo-elastic and 
photo-elastic images. From the thermo-elastic image the sum of principal stresses is obtained. 
From the photo-elastic image in a circular polariscope the difference of principle stresses is 
obtained. Thus from both images the principle stresses are obtained. From the photo-elastic image 
of the plane polariscope isoclinics which determine the directions of principle stresses are 
available. Thus the interpretation of the stress field in the vibrating plane stress problem can be 
performed more precisely with all the mentioned experimental images. 
The obtained results are used in the process of interpretation of stress measurements of 
polymeric films. 
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